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Abstract 

The framework of this paper is that of risk measuring under uncertainty, which is when 
no reference probability measure is given. To every regular convex risk measure on Cj, (ri) , we 
associate a unique equivalence class of probability measures on Borel sets, characterizing the 
riskless non positive elements of C(,(0). We prove that the convex risk measure has a dual 
representation with a countable set of probability measures absolutely continuous with respect 
to a certain probability measure in this class. To get these results we study the topological 
properties of the dual of the Banach space i 1 (c) associated to a capacity c. 
As application we obtain that every G-expectation E has a representation with a countable 
set of probability measures absolutely continuous with respect to a probability measure P such 
that -PQ/I) = iff E(\f\) = 0. We also apply our results to the case of uncertain volatility. 

classification: 46A20, 91B30, 46E05 
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1 Introduction 

The purpose of this paper is to introduce a very general framework enabling the study of risk 
measures and dynamic risk measures in a context of model uncertainty, which is when no reference 
probability measure is given. 

In order to quantify the risk in finance, Artzner et al [T] have introduced the notion of coherent 
(i.e. sublinear) risk measure in the context of finite probability spaces. This notion has been ex- 
tended to general probability spaces [12] and then to the convex case ([21] and |22j). The notion 
of conditional risk measure has been considered in [17] and [6]. Dynamic risk measures have then 
been studied in many papers, among them [13], [IT] [23] [7] [8] [30]. For the particular case of 
dynamic risk measures on a Brownian filtration one can cite |28j [3], [14] . Notice that in all these 
papers on dynamic risk measures, a reference probability space is fixed. This framework is rich 
enough to study models with stochastic volatility or models with jumps, but not to deal with model 
uncertainty. 

What means uncertainty? Usually in mathematical finance, in order to compute the risk or the 
price associated to financial assets, one assumes that a reference family of liquid assets is given, and 
that the dynamics of these reference assets is known. However in a context of model uncertainty 
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'e-mail : mkervare@univ-evry.fr 
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the dynamics of the liquid reference assets is only assumed to belong to a certain class of models. 
A simple example is given, within the Brownian framework, by a class of models with uncertain 
volatility. That is, one considers a family of possible models of the form dX" = h%X° dt + a^X" dWt 
where at is allowed to vary inside an interval \cr,a]. When a describes the set of predictable pro- 
cesses varying inside this interval, the laws of the processes X l a are not all absolutely continuous 
with respect to some probability measure. Avellaneda et al [2], Denis and Martini [16] and Denis 
et al [15] have considered the problem of pricing for this family of models. Only few papers study 
convex risk measures in a context of uncertainty. Fdllmer and Schied |21j have studied static risk 
measures defined on the vector space of all bounded measurable maps. This has been extended 
by Bion-Nadal to the conditional case in [6]. Kervarec [25] has studied static risk measures when 
model uncertainty is specified by a non dominated weakly compact set of probability measures. 
In this paper, motivated by the general context of model uncertainty, we study regular convex risk 
measures defined on C&(Q), the set of continuous bounded functions on a Polish space Q. Regularity 
is here equivalent to continuity with respect to a certain capacity c. Considering the completion 
C (c) of Cb(Q) with respect to the capacity c, this means that we study convex risk measures on 
the Banach space L l (c). Our main result is that for every regular convex risk measure on C&(0), 
there is a unique equivalence class of probability measures characterizing the riskless non positive 
elements of C&(0), and that the convex risk measure has a dual representation with a countable 
set of probability measures all absolutely continuous with respect to a certain probability measure 
belonging to this equivalence class. The tools of the proof are the capacities, topological properties 
of the dual of the Banach space L 1 (c) associated to a capacity c, and convex duality for locally 
convex spaces. 

The paper is organized as follows. First, Section [21 we study the topological properties of the 
dual of -^ 1 (c). We prove that the non negative part of the dual ball of -C/ 1 (c) is metric compact for 
the weak* topology <r(L 1 (c)*, L 1 (c)). 

Section [3] deals with convex risk measures on L l {c). We prove that they satisfy the following 
representation formula: 

p(X)= sup (E Q [-X]-a(Q)) (1.1) 
QeV 

where V' is a set of probability measures belonging to the dual of L (c). There are two important 
results in this Section. The first one is the characterization of convex risk measures on L 1 (c) 
admitting a representation of the form having a compact set V' of probability measures (for 
the weak* topology cr(L 1 (c)*, L 1 (c))). In this case, the supremum in (jl.ip is a maximum. Moreover, 
making use of the topological results of Section[2j we prove that every convex risk measure on L 1 (c) 
has a dual representation of the form (jl.ip with a countable set of probability measures. 

i 

In section d] we assume that the capacity is defined on Cb(Q) by c Pi p(/) = sup Pg p Ep(\f\ p )p for 
some weakly relatively compact set V of probability measures. We prove that the capacity c Pi p is 
equal to the capacity c Pi q defined using a certain countable subset Q of V. We introduce a new 
equivalence relation on the set of non negative measures belonging to the dual of L 1 (c Pi -p). When V 
is a singleton, it coincides with the usual equivalence relation on non negative measures. The main 
result of Section [5] is the existence of an equivalence class of probability measures characterizing 
the null elements of L l (c p -p)+, that is P belongs to this equivalence class if and only if for all / in 
L 1 ^), (E P (\f\) = 0) ^ (c p , v (\f\) = o). 

Section [5] deals with uniformly regular convex risk measures on C;,(f2). We prove that every such risk 
measure on Cb(Q) extends into a convex risk measure on L l (c) for a certain capacity c associated 
to a weakly compact set V of probability measures: c(/) = supp g -p Ep(f). Therefore we can 
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make use of the results obtained in Sections S] and in order to get the main result of the paper in 
Theorem l5.lt to every uniformly regular convex risk measure p on C&(fi), one can associate a unique 
equivalence class of probability measures defined on the Borel sets, called c p -class, characterizing the 
non positive elements of Cb(£l) with risk 0. The convex risk measure has then a dual representation 
with a countable set of probability measures all absolutely continuous with respect to a certain 
probability measure belonging to this c p -class. 

Section [6] deals with two examples. The first one is G-expectations introduced by Peng [26]. The 
capacity associated to a G-expectation IE is c(/) = JE{\f\). As application of our results we obtain 
that there is a unique equivalence class of probability measures characterizing the non negative 
elements / of Cf,(0) such that JE(f) = 0. The G-expectation IE has then a representation in 
terms of a countable set of probability measures all absolutely continuous with respect to a certain 
probability measure belonging to this class, 

E(X) = supE Qn (X) (1.2) 
new 

The second example, for which all our results apply, is the case where model uncertainty is char- 
acterized by a relatively weakly compact set of probability measures V . 

2 Topological properties of the dual space of V~{c) 
2.1 The ordered space L 1 (c) 

Let be a metrizable and separable space. One classical example, furthermore a Polish space, 
is ft = Co([0, oof, M d ) endowed with the topology of uniform convergence on compact subspaces. 
B(O) denotes the Borel cr-algebra on $7. Denote A4(Q) the set of all bounded signed measures on 
(fl,B(fl)), and M+(Cl) the subset of non-negative finite measures. 

In the following £ denotes a linear vector subspace of Cb(fl) containing the constants, generating 
the topology of fl and which is a vector lattice. Recall the following definition of a capacity. 

Definition 2.1. a capacity on C is a semi norm c defined on C satisfying the following properties: 

1. monotonicity: V, /, g € C such that \ f\ < \g\, c(f) < c(g) 

2. regularity along sequences: for every sequence f n € C decreasing to 0, inf c(f n ) = 

The semi- norm c is extended as in [20] Section 2 to all real functions defined on Q: 

V/ l.s.c. f > 0, c(/) = sup{c(<A)|0 < < /, 4> G C] (2.1) 

V 5 , c(g) = mf{c(f)\ f > \g\, f l.s.c.} (2.2) 

where l.s.c. means lower semi-continuous. £ x (c) denotes the closure of C in the set {gl c(g) < oo}. 
From Proposition 10 of [20], C l {c) contains Cft(O). Let L l {c) be the quotient of C l (c) by the c null 
elements. It is a Banach space. The following result shows that c(1a) can be expressed as the limit 
of a monotone sequence c(f n ) for continuous functions f n with limit 1a, as soon as A is either an 
open subset or a closed subset of ft. 

Proposition 2.1. • Let V be an open subset of Q. There is an increasing sequence of non 
negative continuous functions h n on Q such that \y = lim n _ 5 . 00 h n and c(ly) = lim n _ 5 . 00 c(h n ). 

• Let F be a closed subset of ft. There is a decreasing sequence of continuous functions g n <l 
on ft such that lp = limn^ac g n and c(lp) = linv^oo c(g n ). 
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Proof. • ly is a non negative bounded l.s.c. function. Thus it is the limit of an increasing 
sequence of non negative continuous functions f n . On the other hand from definition of c(ly) 
(equation (|2.ip ). there is a sequence of continuous functions g n < ly such that c(ly) = 
\\mc{g n ). Let h\ = g\ and for every n, h n+ \ = sup(/i n , f n , g n ). h n is an increasing sequence 
of continuous functions with limit ly and such that c(ly) = \\mc{h n ). 

• Let F be a closed subset of fi. By definition of the capacity, c(1f) = inf{^, i. s . c .,i F <ip} The 
infimum of two l.s.c. functions is also l.s.c. , thus there is a decreasing sequence ij) n greater 
or equal to lp such that c(1f) = limc(^ n ). Thus there is a strictly increasing sequence k(n) 
such that for all n, c(ip k ( n )) < c(l F ) + ± I . Let e n > such that ( J ^)(c(l F ) + ^ I ) < c(lp) + i. 
Let V n = {x\ipk(n)( x ) > 1 — en}n{x G O; dist(x, F) < -}. As ipk{n) is 1-s.c, V n is an open 
set, furthermore F = n ne jv*^n- For every n, there is a continuous function /„ such that 
F -< fn ~<V n . One can thus construct a decreasing sequence of continuous functions g n such 
that lp < g n < ly n - Thus the sequence g n is decreasing to lp- As c(ly n ) < jzi -c ('0fc(n)) — 
c(l F ) + i, it follows that c(ljr) < c( 5n ) < c(l F ) + i. 

□ 

Further definitions and results on capacities are recalled in the Appendix (Section [TJ). We refer 
also to [20]. 

Partial order on L 1 (c) 

Definition 2.2. Let A £ -^ 1 (c). We say that X > if there is a sequence (/ n )neJV> /n £ A fn>0 
such that for every g £ £ (c) of class X, linin-^oo c(<? — f n ) = 0. 

Lemma 2.1. • let X,Y € L^c). If X > and Y > 0, thenX + Y > 0. 

• // i/iere is in the class of X a non negative function f then X > 

• Let X £ ^ 1 (c); \X\ € -^ 1 (c). Furthermore X > if and only if X = \X\ in L 1 (c). 
Proof. • The first part of the lemma is trivial. 

• The second point follows from the inequality 

C(|/| - < C(f - fn) (2.3) 

Thus as / = |/|, c(f - \f n \) < c(f - f n ). 

• One can deduce from (1273]) that for all X G L x (c), \X\ G L^c). From point 2, |X| - A > 0. 
Thanks to (UTS]) and the inequality c(|/| - /) < c(|/| - f n ) + c(/ - /„), it follows that A > 
if and only if A = |A| in L 1 (c). 

□ 

Proposition 2.2. The relation X < Y defined by Y — X > defines a partial order on i 1 (c). 
Proof. 1. Reflexivity is trivial: take f n = for all n 

2. Antisymmetry. Let X > Y and 1" > A. Let /i in the class of A — Y. By definition there 
are two sequences f n and g n of non negative functions in C such that lim n _>oo c(f n — h) = and 
lim^oo c(g n + /i) = 0. It follows that lim^oo c(/ n + # n ) = 0. As < |/„ -# n | < f n +9n, it follows 
that lmin^oo c(|/ n — = 0. However lim n _ s . 00 c(/ n — g n — 2h) = 0. Thus X — Y, the class of h is 
equal to 0. 

3. Transitivity follows from the first part of Lemma 12.11 □ 
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2.2 Topological properties of the non negative part of the unit ball of ^ 1 (c)* 
For the definition of a Prokhorov capacity, see the Appendix (Section [7]). 

Proposition 2.3. Let c be a Prokhorov capacity on a metrizable and separable space fi. Every 
continuous linear form L on L (c) admits a representation: 



where fx is a regular bounded signed measure defined on a a-algebra containing the Borel a-algebra 



If L is a non negative linear form the regular measure fx is non negative finite. 

Following [5] a bounded signed measure fx is called regular if for all Borel set A, for all e > 0, 
there is a closed set F and an open set G such that F C A C G and \fx\(G — F) < e. 
Notice that in [20], the existence of a bounded measure fx satisfying equation (|2.4ft is proved. 
However the statement of Proposition 11 of [20] does not give informations on the a algebra on 
which the measure fx is defined. Therefore we have to go inside the proof. 

Proof. • A metrizable space is completely regular and c is a Prokhorov capacity so Proposition 
11 of [20] gives the existence of a measure fx satisfying equation (12. 4h . We want now prove 
that fx is defined on the Borel a algebra. As in the proof of Proposition 11 of [20] let Z be a 
compactification of fi, and d the capacity defined on Z by c'(g) = c(g^). As c is a Prokhorov 
capacity, from Proposition 11 of [20] , d{lz~n) = and L 1 ^) = L l (c'). 

• As Z is a compact space, it follows from Theorem 3 of [19] that every non negative linear form 
on L 1 (c / ) can be represented by a non negative measure obtained from the Riesz representation 
theorem applied to C{Z) . Therefore this measure is defined on a a-algebra containing the Borel 
sets of Z. From Theorem 6 of [19] every continuous linear form on L l (c) is the difference 
of two non negative linear forms, thus the bounded measure fi satisfying equation (|2.4p is 
defined on a Borel cr-algebra B containing the Borel cr-algebra of Z. 

• We want now prove that fx is defined on the Borel cr-algebra of fi. //is defined on the a- 
algebra T obtained by completion of B with the //-null sets. Notice that from Theorem 3 of 
|19| . every c'-negligible set (i.e. c'(1a) = 0) is also //-negligible. This is in particular the case 
for Z — Q which is therefore //-measurable. Every open set V of can be written V = U (~1 f2 
for some open set U of Z. Therefore V belongs to T . It follows that the measure \i defined 
on T is thus defined on the Borel cr-algebra of fi. As fi is a metric space and [i is defined on 
the Borel cr-algebra of fi, fi is regular from Theorem 1.1 of [5]. 



Recall that the weak topology on .M+(fi) the set of non negative finite measures on (fi, £>(fi)) 
is the coarsest topology for which the mappings 



are continuous for every given / in C&(fi). 

Proposition 2.4. Let c be a Prokhorov capacity on a metrizable separable space. The set of non 

negative linear forms on the Banach space L l {c) is a subset of M. + (VL). The weak* topology (i.e. 
the a{L l {c)* ,L 1 (c)) topology) on the non negative part K + of the unit ball o/L 1 (c)* coincides with 
the restriction to K + of the weak topology on A4 + (fi). 




(2.4) 



o/fi. 



□ 
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Proof. From Proposition 12.31 every non negative linear form on L 1 (c) belongs to Let 
\i E K + . As C{,(fi) is dense in the Banach space L^c), the open sets 



with fi E C&(fi) form a basis of neighborhoods of p in X + for the weak* topology. Thus the weak* 



Proposition 2.5. Let c be a Prokhorov capacity on a metrizable separable space fi. The set K + 

is compact metrizable for the weak* topology (i.e. the a(L l (c)* ,L l (c)) topology), as well as for the 
weak topology. 

Proof. Prove first that K + is metrizable for the weak* topology. From Proposition 12.4^ the weak* 
topology on K + coincides with the restriction to K + of the weak topology on A4 + (£l). As fi is 
metrizable and separable, A4+(fi) is also metrizable and separable for the weak topology from [9] 
Section 5. Thus K + is metrizable for the weak* topology. 

From Banach Alaoglu Theorem, (theorem V 4 2 of |18| ) the closed unit ball of the dual space of a 
Banach space is always compact for the weak* topology. As K + is a closed subset of this unit ball 
for the weak* topology, it is also compact. This proves the result for the weak* topology. From 
Proposition I2.4[ K + is also metrizable compact for the weak topology. □ 

Corollary 2.1. Assume that Q is a Polish space. For every capacity c on fi, the set K + is compact 
metrizable for the weak* topology. 

Proof. From [20J, see also the Appendix (Section [7]), every capacity on a Polish space is a Prokhorov 
capacity, and thus the result follows from Proposition 12.51 □ 

In the particular case of a compact metrizable space, we obtain the following stronger result. 

Proposition 2.6. Let fi be a metrizable compact space. Let c be a capacity on fi. Then the Banach 
space L 1 (c) is separable and the unit ball o/L 1 (c)* is metrizable compact for the weak* topology. 

Proof. As fi is a metrizable compact space, C(fi) is separable from Thm 1 Section 3 of [10] . Thus 
for every capacity c on fi, L?-(c) is also separable. Then from Theorem V 5 1 of [18] . the unit ball 
of L 1 ^)* (and not only its non negative part) is metrizable compact for the weak* topology. □ 

3 Representation of a convex risk measure on L l (c) 

In this section, c denotes a Prokhorov capacity on a metrizable separable space fi. Recall that a 
partial order has been defined on L l (c) in Section [2.1i We can define convex risk measures in the 
usual way as follows. 

Definition 3.1. Let p : L l (c) -)• JR. 

• p is monotonic if p(X) > p(Y) for every X,Y E L l (c), such that X < Y. 

• p is convex if for every X,Y E L l (c), for every < A < 1, p(XX + (1 — X)Y < Xp(X) + (1 — 



V hMn M = {v G K+ |Vi E {1, ...n}, K/0 - «/(/,)! < e} 



topology on K+ coincides with the weak topology. 



□ 




(c) and a E JR. 



p is a convex risk measure if it satisfies all these conditions. 
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3.1 Representation for convex risk measures 

Duality results for risk measures are well known in other settings. A duality result was first proved 
in the case of risk measures on L°° spaces assuming furthermore continuity from below. Duality 
results are based on the Fenchel Legendre duality, generalized to the context of locally convex 
topological spaces by Rockafellar [29]. This is the generalized version that we need here. No 
additional hypothesis is needed in order to prove the dual representation result. The important 
and new discussion will be developed in Subsection 13.21 using the topological results proved in 
Section [2J3 

Theorem 3.1. Let p be a convex risk measure on ij 1 (c). Then, p is continuous and admits a 
representation of the form: 

VXgL^c), P {X)= sup (E Q [-X\- a (Q)) (3.1) 

where 

a(Q)= sup (E Q [-X]-p(X)) (3.2) 

V is the set of probability measures on (Q,B(Q)) belonging to L 1 (c)*. 

Proof. The continuity of p follows from Theorem 1 of [1]. 
We call a the function on L 1 (c)* defined by: 

VpeL^c)*, a(p)= sup (p(X)-p(X)) 

As the dual of L (c)* (with the weak * topology) is L 1 (c), the locally convex topological spaces 
L x (c) and L (c)* are paired in the sense of [29]. p is continuous, we can thus apply Theorem 5 in 
Rockafellar [29]. We get the following equality: 

VA € L l {c), p (X) = sup (ji(X)-a(jj)) 
/u€i x ( c )* 

In the supremum above, we can obviously restrict to the elements p of L 1 (c)* such that a (p) < +oo. 
Let po € L (c)* such that a(po) < +oo, we first prove that —po is a positive linear form. Let 
X G i x (c) such that A > 0. For all A > 0, using the monotonicity of p, p(XX) < p(0), which 
implies that 

Xp (A) - a (mo) < p (0) 

p(0) and a(po) are finite and the above inequality is satisfied for all A > 0, thus po (A) < 0. 
From Proposition 12. 3\ —po is represented by a finite non negative measure defined on (p,,J3(£l)). 
Thanks to the translation invariance of p, for all A € M, p (A) = p (0) — A, which means that: 

p(0) = A+ sup (Xp(l) -a(p)) > A(l + /i (l)) -a(po) 
/^eL 1 (c)* 

We conclude as above that 1 + po (1) = 0. Thus, — po is a probability measure on (0,jB(0)) and 
—po 6 L l (c)\ □ 
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3.2 Risk measures represented by a weakly relatively compact set of probability 
measures 

In this section we want to characterize risk measures p on L 1 (c) admitting a dual representation 
with a relatively compact set of probability measures for the weak* topology. 

Definition 3.2. A convex risk measure p on L l (c) is normalized if p(0) = 0. 

Proposition 3.1. Let p : L l (c) — > 1R be a normalized convex risk measure. The following condi- 
tions are equivalent: 

1. p is majorized by a sublinear risk measure 

2. VX G L l (c), sup A>0 < oo 

3. there exits K > such that VX G L x (c), \p{X)\ < Kc(X) 

4- p is represented by a set Q of probability measures in L l (c)* relatively compact for the weak* 
topology, i.e. 

VX G L x (c), p{X) = sup(E Q [-X]-a{Q)) (3.3) 

Before giving the proof of the Proposition, we prove the following Lemma 

Lemma 3.1. Let Q be a set of probability measures on (Q,B(Q)) such that Q C L 1 (c)*. Assume 
that Q is relatively compact for the weak* topology cx((L 1 (c)*, L 1 (c)). Then Q is contained in some 
closed ball of L l (c)* and the weak* closure of Q is also compact for the weak topology. 

Proof. Denote Q the closure of Q for the weak* topology. Q is compact. Let X G L l (c). The 
map Q — > Eq(X) is continuous for the weak* topology, thus sup^g-g \Eq(X)\ < oo. From Banach 
Steinhauss Theorem (cf [31]), it follows that Q is contained in some closed ball of L 1 (c)*, and thus 
in the non negative part of this closed ball. From Proposition I2.4[ Q is weakly compact. □ 

We can now give the proof of Proposition 13.11 

Proof. Consider the dual representation of p given by equation (|3.ip . Denote Q = {Q G V' \ a(Q) < 
oo}. Then 

VXGL^c), p(X) = sup (E q (-X)- a (Q)) (3.4) 

1. implies 2. Let p\ be a sublinear risk measure majorizing p. Then for every A G M^, 
p(XX) < Xpi(X). Thus sup A>0 p y < pi(X), and 2 is proved. 

2. implies 3. For every X G L l {c), denote fix = sup A>0 p<yX ^ . From the dual representation 
(|3.4p . applied with AX for every A > 0, it follows that \/Q G Q, Eq(—X) < fix, and thus 
supg g g Eq(— X) < fix < oo for every X G L 1 ^). With X = —\Y\, we get that 

VF elHc), sup |£ Q (y)| < oo (3.5) 

L x (c) is a Banach space and from Theorem 13 .1\ every Eq is a continuous linear form on L 1 (c). 
Denote ||-Eq|| its norm. From Banach Steinhauss Theorem, equation (j3.5f) implies the existence of 
K > such that supggg \ \Eq\\ < K. Notice that from the normalization condition (p(0) = 0) it 
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follows from equation (|3.2p that for every Q, a(Q) > 0. Thus from the representation (|3.4p . for 
every X G L 1 (c), 

p{X) < Kc(X) (3.6) 
From the convexity, the monotonicity of p and p(0) = 0, it follows that 

- p(X) < p{-X) < p{-\X\) < Kc{-\X\) = Kc(X) (3.7) 

Thus from equations (|3.6p and (|3.7j) . for every X G L l {c), 

\p(X)\<Kc{X) 

This proves 3. 

3. implies 4- From the representation of p, equation f|3.4[) applied with — X\X\ for every A > 0, it 
follows from hypothesis 3. that for every Q G Q \\Eq\ \ < K. This means that Q is contained in a 
closed ball of the dual of -^ 1 (c). Every such closed ball is compact for the weak* topology (Banach 
Alaoglu Theorem). Thus Q is relatively compact for the weak* topology 

4- implies 1. p is represented by a set of probability measures Q C L l (c)* relatively compact for 
the weak * topology. From Lemma 13.11 Q is contained in some closed ball of L 1 (c)*. Define p\ by 
pi(X) = supq^qEqI—X). As Q is bounded, pi(X) is finite for every X in L l (c). It is easy to 
verify that p\ is a sublinear risk measure and that p is majorized by p\. □ 

Theorem 3.2. Let p be a convex risk measure on L 1 (c). Assume that p is represented by 

p(X) = S np(E Q (-X)-a(Q)) 
QeQ 

where Q is a set of probability measures in L l (c)* relatively compact for the weak* topology. Let Q 
be the closure of Q for the weak* topology. Then 

• Q is metrizable compact both for the weak* topology and the weak topology. 

• For every X G L l {c), there is a probability measure Qx G Q such that 

p(X) = E Qx {-X)-a(Q x ) (3.8) 



Proof. • From Lemma I3TT1 Q is contained in a closed ball of L l {c)* and is compact both for 
the weak and the weak* topology. From Proposition 12.51 it is metrizable compact. 

• Let X G -^ 1 (c). Let Q n be a sequence of elements in Q such that for every n, 

p(X) - ~ < E Q S-X) - a(Q n ) < p(X) (3.9) 

As Q is metrizable compact for the weak* topology, there is a subsequence (5</,( n ) converging 
to Q G Q, satisfying the inequality 

Eq(-X) - \ < E Q , (n) (-X) < Eq(—X) + I (3.10) 

From inequality (j3.9j) applied with Q^( n ), inequality (|3.10|) and the inequality 4>{n) > n, it 
follows that 
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Eq(-X) - p(X) - 1 < a(Q Hn) ) < Eq(-X) - p{X) + ~ (3.11) 

Let Y G L x (c). Let e > 0. There is N(Y) such that for every n > N(Y), Eq{-Y) < 
E Q (-Y) + e. N(Y) can be chosen such that N(Y) > \ Then for n > N(Y), 



E Q (-Y)-p(Y) < a(Q Hn) ) + e 

< EQ(-X)-p(X) + ^+e 

< E Q (-X) -p(X) +3e (3.12) 
As the inequality is satisfied for every Y and every e > 0, it follows that 

a(Q)= sup (Eq(-Y)-p(Y))<Eq(-X)-p(X) 

And thus 

p(X) = Eq(-X) - a(Q) 

□ 

Proposition 3.2. Let p be a normalized convex risk measure on L 1 (c) majorized by a sublinear 
risk measure. There is a countable set {R n , n 6 M} of probability measures belonging to L l (c)* , 
which is relatively compact for the weak* topology o/L 1 (c)* and also for the weak topology and such 
that 

€ L\c), p(X) = S np(E Rn [-X}-a(R n )) (3.13) 

neJV 

where 

a(R)= sup (E R [-X]-p(X)) (3.14) 



Proof. From Proposition 13. 11 there is a set Q of probability measures in L 1 (c)*, relatively compact 
for the weak* topology such that equation (|3.3p is satisfied. From Lemma 13.11 Q is contained 
in mK + , the non negative part of a certain closed ball of L x (c)*. From Proposition 12.61 mK+i 
is metrizable compact for the weak* topology. There is thus a countable dense set (Q n )neiN in 
mK + . Denote d a distance on mK + defining the weak* topology. For every Q S mK + , let 
B(Q,r) = {R G mK + \d(Q,R) < r}. The set B(Q,r) is compact for the weak* topology. The 
penalty a defined on L x (c)* by equation 13.141 is l.s.c. thus for every n £ IN and k G IN* there is 
Rn tk in B(Q n , ^) such that a(R njk ) = min{a(Q), Q G B(Q n , ^r)}. 

Let X G L l (c). From Theorem El there is Q x G Q such that p(X) = E Qx (-X) - a(Q x )- For 
all e > 0, there is rj > such that VQ G B(Q x ,r]), \Eq x (—X) - Eq{—X)\ < e. Let k such that 
p=r < Let n such that Qx G B(Q n , ^) then fc (— Jf) — a(R n> k) > p(X) — e. It follows that 
{R n ,k, n G IV, k G iV*} is a countable set weakly relatively compact (as it is contained in mK + ) 
satisfying the required condition. □ 

Theorem 3.3. Every convex risk measure on L 1 (c) can be represented by a countable set of prob- 
ability measures {R n , n G IN} belonging to L 1 (c)*. 

VX G L\c), p(X) = sup(E Rn (-X)-a(R n )) (3.15) 
where a(R) is given by equation \3.14\) - 
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Proof. From Theorem 13.11 p has a dual representation given by equation (|3.ip . Denote then 
p m (X) = swpQ £mK ,{Eq(— X) — a{Q)). Even if p m is not necessarily normalized, all the arguments 
of the proof of Proposition 13.21 apply as mK + is metrizable compact for the weak* topology and 
a is l.s.c. Thus p m has a representation with a countable set of probability measures. As p = 
sup mgJV p m , this gives the result. □ 

4 Equivalence class of probability measures associated to a non 
dominated set of probability measures 

Let be a metrizable and separable space. In this section we study a capacity defined from a 
weakly relatively compact set of probability measures V possibly non dominated. 

Definition 4.1. LetV be a weakly relatively compact set of probability measures on (0,0(0)). Let 
1 < p < oo. The capacity c p ,-p is defined on C&(0) by 

c PtV (f) = sup E P (\f\P)v (4.1) 
P&V 

and extended to every function on O as explained in Section \2.1\ equations \2.1\) and \2.2\) . 

Notice that as V is a weakly relatively compact set of probability measures, c Pt -p is a capacity 
(see Proposition 1.3 of [25] or the Appendix, Section [?])• The Banach space associated to the 
capacity Cpj> is denoted L 1 (c Pi -p). When there is no ambiguity on the set V we simply write c p for 
c P ,v- 

When V = {po}, L (cp i^y) = L 1 (J7, 0(0), po). A non negative measure p on (0,0(0)) belongs 
to the (usual) equivalence class of the probability measure po if and only if \/A G 0(0), p(A) = 
^ ^(^4) = 

Equivalently, for p in the dual of L 1 (0, 0(0), po), 

p~p ^ [VX G L 1 (O,0(O), / u o )+, X = Jxdp = 0] 

We address the following question: When V is weakly relatively compact can one associate a 
probability measure P to L 1 (c P) -p) characterizing the null elements in the cone L 1 (c P) p)+, i.e. such 
that \/X 6 L 1 (c Pi p) + , X = <^=^ Ep(X) = f XdP = ? If yes, can one define a natural 
equivalence relation so that one gets a unique equivalence class of such probability measures? 
Notice that when V is not finite, characteristic functions of Borelian sets are not all in L 1 (c Pi p). 

4.1 Properties of the capacity 

Lemma 4.1. For all X in L (c p> -p), c Pt -p\X) = sup^g-p Eq(\X\ p )p . 
Proof. Denote c p = c P) -p. For all /, g in C&(0), for all Q G V, 

\E Q (\fnl - E Q (\g\ p )p \ < E Q (\f -g\n*< c p (\f - g\) 
As C(,(0) is dense in L l {c p ) for the c p norm it follows that for every X G L 1 (c p ), g G C{,(0), and 

\E Q (\Xn"-E Q (\ 9 nh<c P (\X-9\) (4.2) 
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From (|4.2|) it follows that 

E Q (\Xn~ P <c p (X)VQeV (4.3) 
For every X € L 1 (c p ), for every e > there is g £ such that 

c P (X -g)<e (4.4) 

From Definition 14.11 there is Qq G V such that 

c p (g)<E Qo (\g\pf P +e (4.5) 

As c p (X) < c p (g) + e it follows from equations P~2j) (fO|) and(g3]) that c p (A") < sup QeV Eq(\X\ p )p . 

The result follows from (14.31). □ 



Theorem 4.1. Assume that £1 is a Polish space. There is a countable subset Q ofV, Q = {P n , n G 
IV}, such that for every X G L x {c p p), for every p G [1, oo[, 

c PlV {X) = 8uj>(E Pn (\X\*))* (4.6) 

nglV 

The capacities c Pj p and c Pj q defined on Cb{Q) by equation 1\ ) and extended to real functions using 
formulas 12. 1\) and h2.2\) are equal. The associated Banach spaces are equal: L 1 (c Pi -p) = L 1 (c Pj q). 

Proof. From the previous Lemma, applied with p = 1, it follows that the set V is contained in K + , 

the non negative part of the unit ball of the dual of L 1 (ci ) p). is a Polish space, so from Corollary 

12.11 K + is metrizable compact for the weak* topology. Thus V, the closure of V for the weak* 

topology, is metrizable compact. There is then in V a countable set {P n )n^iN dense in V for the 

weak* topology. It follows that for every X £ L 1 (ci j -p), supg g -p Eq(\X\) = sup n£]N Ep n (\X\). The 

equation (I4.6P follows for every p > 1 for every X G C&(0). 

i_ i 
The two capacities c Pi p(/) = sup Pe -p Ep(\f\ p )p and c Pi q = supg g g £ , q(|/| p )?' coincide on Cb(f2). 

By definition of the extension of a capacity to the set of all functions on Q, these extensions are 

the same. Therefore L 1 (c p .-p) = L 1 (c Pj q). □ 

In the following proposition we study possible extensions of the equation (|4.ip . 



Proposition 4.1. Let c p = c Pj p. 

• For every non negative bounded lower semi- continuous map g, 

cp(g) = sup E Q (gP)* (4.7) 
Q&V 

• For every Borelian map f , 

sup E Q (\fn~ P < c p (f) (4.8) 
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Proof. • The proof of the first part of Proposition 12.11 which was given for the characteristic 
function of an open set applies without any change to every non negative bounded l.s.c. 
function g. Thus there is an increasing sequence of continuous functions h n with limit g and 
such that Cp(g) = lim c p (h n ). As g is bounded, c p (g) is finite. Let e > 0. There is n such 
that Cp{g) — e < c p (h n ) < c p (g). By definition of c p on C&(fJ), there is Q n in V such that 

c p (h n ) - c < E Qn (h P l )p < c p (h n ). Thus 

E Qn (g p )? >c P {g)-2e (4.9) 

On the other hand for all Q in V, EQ(hn)p < c p (h n ) < c p (g). From the monotone convergence 
theorem it follows that 

VQ G V, E Q (gV)p < c p (g) (4.10) 
Thus from equations (I4.9P and (14. 10H we get that 

c p {g) = sup E Q (gP)v (4.11) 
QG-P 



• Let / be a Borelian map. If c p (f) = +oo, the result is trivial. Assume that c p (f) < oo. Let 
e > 0. By definition of c p (f), (equation l2.2p . there is g l.s.c, g > \ f\ such that c p (g) < c p (/)+e. 

As g is l.s.c, we already know that supg g -p Eq{\g\ p ) v = c p (g). As / is Borel measurable, 

for all Q eV, E Q (\f\P)p is defined. As g > \ f\ it follows that E Q {\f\P)p < c p {f) + e. This 
inequality is true for every e and every Q € V . This proves the announced result for every / 
Borel measurable. 

□ 

Remark 1. • For every open subset V of£l, \y is lower semi- continuous, so from Proposition 



~P\ Cp(ly) =sup QeP Q(F) 



• However there are Borelian subsets ofQ for which the equality c p (1a) = su PoeV Q{A)p is not 
satisfied. 

For example let = [0,1]. Let x n e]0, 1[ be a sequence converging to 0. Let A = [0,1] — 

{x n ,n € IN}. Let Q n = 5 Xn . Let V = {Q n , n G IV}. V is weakly relatively compact. 

Let f l.s.c. such that 1^ < / < 1. For every rj > 0, V = {x\f(x) > 1 — 77} is an open 

set containing A. As £ A, there is e > such that [0, e[c V. So there is N G IN 

such that x n G V Vn > N. So E Qn {f p ) = {f(x n )) p > (1 - r?) p . From equation U7§ , 

1 

1 > c p (f) = sup nelN (EQ ri (f p ))p > 1 - i] for every t] > 0. Thus c p (f) = 1. It follows that 

1 

c p (1a) = 1- On the other hand QuO-a) = for all n G IN. Therefore supg g -p Q(A) p = 0. 
This gives a counterexample. 

4.2 Canonical equivalence class of non negative measures associated to c p 

In all this section, we assume that Q is a Polish space. We denote c p the capacity defined on Cb(Q) 

1 

by c p (f) = sup QeV E Q (\f\P)v . 

Definition 4.2. A4 + (c p ) is the set of non negative finite measures on ($7,0(17)) defining an element 
<>f lMr,Y . 

In the following we identify an element \x of A4 + (c p ) with its associated linear form on L l {c p ). 
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Remark 2. A non negative finite measure \i on (0,0(0)) belongs to A4 + (c p ) if and only if there 
is a constant K > such that V/ G C&(0), |/i(/)| < Kc p (f). It follows easily that every element in 
the weak closure of the convex hull ofV defines an element of M + (c p ). 

Definition 4.3. Define on A4 + (cp) the relation lZ Cp by 

liR c v ^ (4.12) 

{X G L 1 {c p ),X > | /i(X) = 0} = {X G L^Cp),^ > | v{X) = 0} 



The following lemma is trivial 
Lemma 4.2. 1Z Cp defines an equivalence relation on ftA + (c p ). 

Definition 4.4. Let fi G Ai + (c p ). The c p -class of n is the equivalence class of fi for the equivalence 
relation 7Z Cp . 

Theorem 4.2. To every weakly relatively compact set V of probability measures on (0,0(0)), pos- 
sibly non dominated, can be associated canonically a c p -class of non negative measures on (0,0(0)) 
such that an element [i of M + {c p ) belongs to this class if and only if 

VX € L\c p ),X > 0, {/x(X) = 0} <(=^ {X = 0inL 1 (c p )} 

This class is referred to as the canonical c p -class. 

For every set {Q n , n G IN} of probability measures on (0,0(0)) such that the equality ( f^,6| ) is 
satisfied for all X G L l {c p ), for a n > such that XmeW a n = 1 the probability measure X^neW a nQn 
belongs to the canonical c p -class. 

Proof. Let p G [1, oof. Let {Q n } be a countable set of probability measures such that the equality 
(f46]l is satisfied. Let Q = {Q n ,n G N}. Let P = Y.neiN a nQn- Let X G L^Cp),^ > 0, i.e. from 
LemmaEH X = \X\. E P (X) = if and only if E Qn (\X\) = for all n G IN. 

From equation (|4.6j) . it follows that for X > 0, Ep{X) = if and only if c p {X) = if and only if 
X = in L 1 ^). 

This proves that the canonical Cp-class is well defined (as it is not empty) and that Y2neJN a nQn 
belongs to the canonical Cp-class. □ 

Lemma 4.3. Let P be a probability measure belonging to the canonical c p -class. Let X be an 
element o/L 1 (cp). Then X > (for the order in L l (c p )) if and only X > P a.s. 

Proof. For every X G L 1 (c p ), \X\ — X > 0. From Lemma OX > if and only if \X\ - X = 
in L 1 (cp). By definition of the canonical c p -class this is equivalent to |X| — X = P a.s., i.e. 
X > P a.s. □ 

Remark 3. When V = {P} the canonical c p -class is the restriction to M. + {c p ) of the usual 
equivalence class of the probability measure P. 

When V is a finite set, V = {Pi, ...Pn} the canonical c p -class is the restriction to A4 + (c p ) of the 
equivalence class (in the usual sense) of the probability measure P 

Our next goal is to give a description of L l {c p )* . 



El<i<n r i 
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Theorem 4.3. There is a regular probability measure P belonging to the canonical c p -class, and a 
countable subset T> = {L n , n G IN} of the set L l (c p )* + of non negative continuous linear forms on 
L 1 (c p ) such that 

• {L n , n G IN} is dense in L 1 (c p )^ = Ai + (c p ) for the weak* topology. 

• Every L n is represented by a non negative measure on (CI, B(tt)) absolutely continuous with 
respect to P. 

Every continuous linear form on -^ 1 (c„) is the weak* limit of a sequence Q n where every <E> n is 
the difference of two elements ofT>. 

Furthermore for every X > in L 1 ^), X = iff P{X) = 0, iff L n (X) = for all n G IV. 

Proof. Denote nK + = {L G L 1 (c p )*,L > and ||L|| < re}. From Corollary 12.11 every nK + is 
metrizable compact for the weak* topology. There is then in nK + a dense countable set T> n . 
Thus V = Un^jN'Dn is countable and dense in L l (c p )* + for the weak* topology. Enumerate the 
elements of T>, T> = {L n , n G IN}. From Proposition 12.31 every L n is represented by a non 
negative finite measure [i n on (Q,B(Q)). Let a n > such that ]CneJV a ™ll-^™ll < 00 • Then 
L = Yln&]N a nLn £ i 1 (c p )+. From Proposition 12.31 L is represented by a non negative finite 
measure /i. Denote P the probability measure P = -jm- -P is a probability measure on ($7, B(Q)), 



P G Ai + (c p ). Furthermore every /i„ is absolutely continuous with respect to P, and P is regular 
from Theorem 1.1 of [5]. 

We prove now that P belongs to the canonical c p -class. Every L n belongs to L 1 (c p )*. Thus for 
every X in L l (c p ) such that X = in L 1 (c p ), L n (X) = and thus L(X) = 0. It follows that 
P(X) = 0. Conversely let X > in L l (c p ) such that P(X) = 0. It follows that L(X) = 0. Every 
L n belongs to L 1 (c p )!j_, and X > 0, thus L n (X) > for all n. From the equality L(X) = 0, it follows 
that L n (X) = Vn G IN. {L n , N G IN} is dense in L l (c p )* + for the weak* topology, therefore 
L(X) = for all L G L 1 (c p )\. From the representation result of continuous linear forms on L 1 (c p ) 
(Proposition ^. 3p and the Jordan decomposition of bounded signed measures on (Q, B(Q)), it follows 
that every $ G L 1 (c p )* is represented by a bounded measure /x = /x + — There is a Borelian set 
A such that J fdfi + = J f\Ad[i for every / G Cb(Q). \fi\ = fi + + \x~ is defined on (Q,B(Q)) and is 
thus regular from Theorem 1.1 of [5]. 

Ve > 0, 3Vopen, AcV such that \n\{l v - U) < | (4.13) 

\y is lower semi-continuous so it is the increasing limit of a sequence of continuous functions h n . 
From the monotone convergence theorem, and equation (|4.13p . it follows that 

Ve > 0, 3h G C&(fi), < h < l v ,such that J \1 A - h\d\n\ < e (4.14) 

Thus 

fl A dfJ,- I fhdfj,\ < Il/Hooc (4.15) 



By definition of fi, 

V/ G C 6 (J2), | y < II^HcpCA) < H^llcpC/) (4.16) 

From (|4.15p and (|4.16|) . we get |/ fdfi + \ = \J /1a^m| < ||$||c p (/). It follows that /i + defines an 
element of L 1 (c p )!j_. It is the same for . Thus for every $ G L l (c p )*, $(X) = 0. From Hahn 
Banach Theorem, it follows that X = in L 1 (c p ). This proves that P belongs to the canonical 
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We have proved that every <3? € L l (c p )* can be written <f> = <1> + - <i>~, <1> + , € L 1 (c p )!j_. The 
result follows then from the density of T> in L l {c p )* + . □ 

The results of the previous section on convex risk measures on L l (c) can be specified when the 
capacity is c p = Cpj>. 

Proposition 4.2. Let p be a convex risk measure on L 1 (c p ). There is a probability measure Q 
in the canonical c p -class and a countable set {Q n ,n S IN} of probability measures all absolutely 
continuous with respect to Q such that 

p(X) = sup [E Qn (-X) - a{Q n )\ VX € L\c p ) (4.17) 
new 

Proof. From Theorem 13.31 there is a countable set {Qn,n G IV} of probability measures such that 
equation (|4,17p is satisfied. From Theorem 14.21 there is a probability measure P in the canonical 
Cp-class. Let Q = ^ + X^new Jfe*- ^ ^ s eas y to verify that Q satisfies the required conditions. □ 

Remark 4. Even if the capacity c p is defined from a weakly relatively compact set of probability 
measures, the set of probability measures {Q n , n € ]N} in the above dual representation l[4-17\ ) °f 
a convex risk measure p on i 1 (c p ) is not always relatively compact for the weak* topology. From 
Proposition \3. 1[ {Q n , n G ^V} is relatively compact iff p is majorized by a sublinear risk measure. 

5 Regular risk measures on Cb(£l) 
5.1 Regularity 

Notice that in a context of uncertainty, which is when no reference probability measure is given, 
it is natural to consider risk measures defined on the space Cb(£l) or more generally on a lattice 
vector subspace of Cf,(f2). As in Section |2"TH C denotes a linear vector subspace of Cb(f2) containing 
the constants, generating the topology of 0, and which is a vector lattice. 

Definition 5.1. p : C —> M is a convex risk measure on C if it satisfies the axioms of Definition 
\3.1l replacing everywhere L l (c) by C It is normalized if p(0) = 0. 

• A sublinear risk measure p on C is regular if for every decreasing sequence X n of elements of 
£. with limit 0, p(— X n ) tends to 0. 

• A normalized convex risk measure is uniformly regular if for all X sup A>0 f^p. < and for 

every decreasing sequence X n of elements of C with limit 0, p<y converges to uniformly 

in X. 

Remark 5. For sublinear risk measures, the two notions of regularity and uniform regularity are 
equivalent. 

From now on in this section p is a normalized convex risk measure on C. 

Lemma 5.1. Assume that p is uniformly regular. p m in(X) = sup A>0 defines a regular 

sublinear risk measure on C It is the minimal sublinear risk measure on C majorizing p. 
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Proof. The convexity, monotonicity and translation invariance of p m i n follow easily from the same 
properties of p. The homogeneity of p m in follows from its definition. Thus p m in is a sublinear risk 
measure on C majorizing p. The regularity of p m in follows from the uniform regularity of p. For 
every sublinear risk measure p\ majorizing p, for every X G C, p m in(X) < pi{X). Thus p m %n is 
minimal. □ 

Lemma 5.2. For every Y in C, for every sequence X n of real numbers decreasing to 1, the sequence 
p(\ n Y) converges to the limit p(Y). 

Proof. As A n is a decreasing sequence with limit 1, one can assume that 2 > A n > 1. Write 
A n = 1 + e n , < e n < 1. From the convexity of p and p(0) = 0, it follows that 

p{{l + e n )Y)>(l + e n )p(Y) (5.1) 

(1 + e n )Y = (1 — e n )Y + e n (2Y). Using the convexity of p, it follows that 

p{{\ + e n )Y) < (1 - e n )p(Y) + e n p(2Y) (5.2) 

From inequations (|5.ip and (15, 2p . 

(1 + e n )p(Y) < p((l + e n )Y) < (1 - e n )p(Y) + e n p(2Y) (5.3) 

Passing now to the limit in inequality (|5.3p . it follows that the sequence p((l + e n )Y) has a limit 
equal to p(Y). 

□ 

Using the preceding Lemma, we prove now that every normalized uniformly regular convex risk 
measure can be extended into a convex risk measure on L 1 (c) for some capacity c. Therefore we 
will be able to apply the representation results of Section [3j 

Lemma 5.3. Assume that p is uniformly regular. Denote p\ a regular sublinear risk measure on 
C such that p < p\. 

• c(X) = pi(—\X\) defines a capacity on C. 

• pi has a unique continuous extension into a sublinear risk measure ~p\ on L 1 (c). 

• p has a unique continuous extension into a normalized convex risk measure p on L 1 (c) ma- 
jorized by p 1 . 



Proof. • The sub linearity, monotonicity and regularity of p\ imply that c is a capacity on C. 
As usual, this leads to the Banach space L l (c). 

• As p\ is sublinear, for every X, Y £ C, pi(X) < pi(Y) + p\(X — Y). 

Exchanging X and Y and using the monotonicity of p\ and the definition of c, it follows that 
|/9i(X) — ^(Y)! < c{X — Y). Thus pi is uniformly continuous on C for the c semi-norm. It 
extends uniquely into a continuous function pi on ^ 1 (c). pi is a sublinear risk measure. 

• let e n > decreasing to 0. 

X = T ±-[(1 + e n )Y] + j^-l^iX - Y)} 
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Prom the convexity of p, the majoration of p by p\ and the homogeneity of p\ (cf p\ is 
sub linear), it follows that 

<°( x ) ^ -rrrP^ 1 + e ™) y ) + pM- y ) (5-4) 

Prom inequation (|5.4p and Lemma 15.21 applied with (1 + e„)y, passing to the limit, it follows 
then that p(X)—p(Y) < p\{X—Y) < c{X—Y). Exchanging X and Y, this proves the uniform 
continuity of p for the c semi-norm, p extends then uniquely into a continuous function ~p on 
L 1 (c). p is a convex risk measure on -L 1 (c) majorized by pi. 

□ 

Definition 5.2. Let p be a normalized uniformly regular convex risk measure on C The capacity 
c p defined as c p {X) = p m in{—\X\) is called the capacity canonically associated with p. 

5.2 Representation of uniformly regular convex risk measures 

In this section, we assume that is a Polish space. Taking into account the liquidity risk in a 
financial market, we introduce the following definition for a riskless asset, which means that all 
investment in this asset is risk-free. 

Definition 5.3. A non positive element X o/Cj,(f2) is riskless if for all A > 0, p(\X) = (or 
equivalently for all A > 0, p(AX) < 0). 

Theorem 5.1. Let p be a normalized uniformly regular convex risk measure on £.. 
Then p extends uniquely to C&(f&) and admits the following representation 

VX G C 6 (fi) p(X) = sup (E Qn (-X) - a(Q n )) (5.5) 

neJV 

for a certain weakly relatively compact set {Q n , n G IN} of probability measures. Furthermore for 
a n > such that J2neiN a n = 1 the probability measure P = J2 n eiN a nQn characterizes the riskless 
non negative elements of C(,(Q), that is X < is riskless iff X = P a.s. 

For every X G Cfc(O), there is a probability measure Qx in the weak closure of {Q n , n G JN}, such 
that 

p(X) = E Qx (-X)-a(Q x ) (5.6) 

Proof. Let c p (X) = p m in{—\X\) be the capacity canonically associated with p (definition 15.21) . As 
Q. is a Polish space, every capacity is a Prokhorov capacity. Denote p (resp p m in) the extensions of 
p (resp pmin) to L 1 (c p ) given by Lemma IST31 

As p is majorized by p m in, the representation result with a countable weakly relatively compact 
set Q = {Q n } follows from Proposition 13.21 We can of course restrict to Q n such that a(Q n ) < oo. 
Then c p {X) = sup neSV EQ n (\X\) i.e. c p = c\ q. From Theorem 14.21 the probability measure 
neiN a nQn belongs to the canonical c p -class. Let X < in Cb(p,), X is riskless iff p(\X) — 
VA > 0, iff c p (-X) = 0, iff X = P a.s. The existence of Q x follows from Theorem [3JZJ □ 

6 Examples 

6.1 G-expectations 

In all this section, Q = Co([0,oo[,M d ), the set of continuous functions / defined on [0, co[ with 
values in ]R d such that /(0) = 0. Cq([0, oof, IR d ) endowed with the topology of uniform convergence 
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on compact spaces is a Polish space. 

Peng introduced the notion of sublinear expectation and of G-expectations [26] [27] defined on 
a vector lattice H of real functions containing 1 and included in C&(0). For the definition of a 
sublinear expectation IE on Ti we refer to [15] section 3. G-expectations are defined from solutions 
of P.D.E. in [26J and [27J. A G-expectation is up to a minus sign a sublinear risk measure. 
It is proved in [15] and [23J that every G-expectation IE has a representation with respect to a 
weakly relatively compact set of probability measures V: !E(f) = sup Pe -p Ep(f) for all / in %. 
IE extends naturally to Cb(Q): 

lE(f) = sup E P (f) V/ G C b (Q) (6.1) 

As V is weakly relatively compact, p(f) = lE(—f) is a sublinear regular risk measure on C&(0). 
Denote cje = c p the corresponding capacity cje(X) = 1E(\X\) VA G Cf,(fi). 

Notice that alternatively, regularity could be proved directly for G-expectations. Theorem 15.11 
would thus give the representation result (equation I6.ip . 

Proposition 6.1. There is a countable weakly relatively compact set {Q n ,n G IN} of probability 
measures, Q n £ V such that 

VA G C b (n) 1E{X) = sup E Qn (X) (6.2) 

neJV 

Let P = EneJN* Jfr- For allf>0 in C 6 (fi), = iff f = P a.s. 

For every X G C;,($7) ; i/iere is a probability measure Qx in the weak closure of {Q n ,n G IV*}, suc/i 
tfiaf 1E(X) = Eq x (A) . 

Proof. The result follows from Theorem 15.11 □ 
6.2 Risk measure in context of uncertain volatility 

We consider a framework introduced in [16]. Let Q = Co([0, T], lR d ) the space of continuous 
functions on [0, T] null in zero. For every t < T, let Of = Co([0, i], M d ). £lt is identified with the 
subset of Q of elements which are constant on [t,T]. Let Bt be the u-algebra on Q generated by 
the open sets of £lf Denote Bt the coordinate process. A probability measure Q on (£l,B(£l)) is 
called an orthogonal martingale measure if the coordinate process (Bt) is a martingale with respect 
to Bt under Q and if the martingales ((Bi)t)i<i<d are orthogonal in the sense that for all i ^ j, 
< Bi, Bj >f= Q a.s.. < Bi, Bj >^ denotes the quadratic covariational process corresponding to 
B % and B\ under Q and < B >^ the quadratic variation of B under Q. Fix for all i G {1, . . . , d} 
two finite deterministic Holder-continuous measures /i. and m on [0, T] and consider the set V of 
orthogonal martingale measures such that 

\/i G {1, . . . , d}, df£. t <d<Bi>^<dfj,i t t. 

M. Kervarec has proved in [25], Lemma 1.3 that the set V is weakly relatively compact. Thus 
ci(/) = supQ g -p -Eq(|/|) defines a capacity on Cb(Q) (see Appendix, Section [7J. As in Section 
IU L l (c\) denotes the corresponding Banach space, containing Cb(Q) as a dense subset. From 
Theorem 14.11 and Theorem 14.21 there is a countable set (P n )n<=]N, P„ G V such that VA G L l {ci), 
c\(X) = sup ngiV Ep n (| A|) and such that P = Yln&iN W belongs to the canonical ci-class. 

Lemma 6.1. For every probability measure R defining an element o/L 1 (ci)* ; 

Vi G {1, . . . , d}, dfj,. t <d<B { >f < dni,t- 
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Notice that a probability measure R in L 1 (c)* does not necessarily belongs to V and therefore 
the result is not trivial. 

Proof. From [16J, {Bi) 2 s G i 1 (ci) for every s, thus jQ(Bi) s d(Bi) s can be defined as an element of 
L 1 (ci). We thus define the quadratic variation of B in L 1 (ci) by 

< B, > t cl = (Bi)? - 2 / {Bi) s d{Bi) s (6.3) 
■/ o 

This equation is satisfied in L l (ci) thus it is satisfied R a.s. for every probability measure R defining 
an element of L l {ci)*. Let s < t. Let A = {uj \ < Bi - < Bi >° 1 > /ij[s,t]} U{w | < 
- < B { >f< fi.[s,t]}. By hypothesis P n (A) = 0. Thus P(A) = 0. The inequality 

IH[s,t] >< Bi > t ci - < fl< >f > /£.[s,t] (6.4) 

is thus satisfied P a.s. From Lemma 14.31 inequality fj6.4|) is then satisfied in L 1 (ci) and then also 
R a.s. for every probability measure defining an element of L l {c\)* . 

□ 

Proposition 6.2. The set V is convex metrizable compact for the weak* topology cr(L 1 (ci)*, L l (c\)) 
and also for the weak topology. 

Proof. The convexity of V is obvious. Denote as in Section [21 K+ the non negative part of the unit 
ball of L 1 (c)*. From the definition of c\ it follows that V C K + . Thus the weak*closure V of V is 
a subset of K + . From Lemma l6.1l it follows that every element Q G V satisfies 

Vi G {1, . . . , d}, dfi. t <d<Bi >f< dm )t 

From Corollary 12.11 iT + is metrizable compact for the weak* topology thus for every Q G V, there 
is a sequence Q n , Q n G converging to Q for the weak* topology. 

From pi], |(Bi) t | fc G L x (ci) for jfe = 1 or 2, so (Bq„ - E Q ){\{Bi) t \ k ) -> 0. Passing to the limit, 
E Q \(\(Bi) t \) < aiKBM) and 

E Q \(\(B t ) t \ 2 ) < Cl (\(B t ) 2 \) (6.5) 

Let g in C(,(O s ). g can be identified with the element g of C&(J2) defined by g(x) = ff(^|[o, s ])- It 
follows from the inequality c\(Xg) < HgHooCidAl) that Vu > s, (Bi) u g G L (ci), so Vg G Cb(^ s ) 
VA G 2R, 

(^Q n - J E Q )((i? i )«(5 + A))^0 (6.6) 

(-Bj)t is a martingale for Q n , thus passing to the limit in (|6.6p . with u = t and u = s, we obtain 
V# G C b (ft s ) VA G M, 

E Q ((BM9 + A)) = E Q ((B t ) s (9 + A)) (6.7) 

From (|6.5p . (-Bj) u G L 2 (Q,B U ,Q) for u = t,s, and + A, 5 G C(,(fi s ), A G -/??} is dense in 
L 2 (Q,B S ,Q), thus the equality (|6.7p is satisfied for every g G L 2 (f2, B s , Q). This proves that (Bi) t 
is a martingale for Q. A very similar proof leads to the fact that the martingales (-Bi)t and {Bj)t 
are mutually orthogonal for i ^ j. Thus V is closed for the weak* topology. As V C K+, V is 
metrizable compact for the weak* topology. The result follows from Proposition 12.41 for the weak 
topology. □ 
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For every P £ V let (3(P) > 0. Let p be defined by 

€ C 6 (0) = sup(£ P (-X) - p{P)) (6.8) 

PGP 

As V is metrizable compact for the weak topology, p — p(0) is a uniformly regular convex risk 
measure. Thus Theorem 15.11 applies. 

The link between the two previous examples is studied in [15]. The convex weakly compact set 
characterizing the G-expectation IE is in fact contained in the set V of orthogonal martingale 
measures introduced in [16] and considered in Section [6.21 

7 Appendix 

Let £1 be a metrizable separable space and C as in Section 2 a lattice of continuous bounded 
functions, containing constants and generating the topology of f2. We now recall some definitions 
and propositions proved in Section 2 of [20J. A capacity is defined as in definition 12.11 Section [2j 

Definition 7.1. A capacity c defined on L is regular if it satisfies: 
For all decreasing net f a E C converging to 0, inf c(f a ) = 0. 

Definition 7.2. A capacity c defined on £ is a Prokhorov capacity if: 

For all e > 0, there exists a compact set K such that c(f) ^ e for all f £ C such that \ f\ < 1q\k- 

Proposition 7.1. If Q is a Lindeldf space then every capacity is a regular capacity. 

Proposition 7.2. If £1 is locally compact or a Polish space then every regular capacity is a 
Prokhorov capacity. 

Remark 6. If Q is a Polish space, then it is a Lindeldf space and thus every capacity is a Prokhorov 
capacity. 

i 

Proposition 7.3. IfV is weakly relatively compact c defined on Cb(Q) by c(f) = sup P€ -p(Ep [|/| p ]) p 
is a capacity. 

The proof follows from Dini Theorem (see Proposition 1.3 in [25J for more details). 
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